Published by Institute of Physics Publishing for SISSA Received: September 12, 2005 Revised: November 3, 2005 Accepted: November 8, 2005 Published: November 23, 2005

Instabilities of D-brane bound states and their related theories

Joshua J. Friess and Steven S. Gubser

Joseph Henry Laboratories, Princeton University Princeton, NJ 08544, U.S.A.

E-mail: jfriess@princeton.edu, ssgubser@princeton.edu

Abstract: We investigate the Gregory-Laflamme instability for bound states of branes in type II string theory and in M-theory. We examine systems with two different constituent branes: for instance, D3-F1 or D4-D0. For the cases in which the Gregory-Laflamme instability can occur, we describe the boundary of thermodynamic stability. We also present an argument for the validity of the Correlated Stability Conjecture, generalizing earlier work by Reall. We discuss the implications for OM theory and NCOS theory, finding that in both cases, there exists some critical temperature above which the system becomes unstable to clumping of the open strings/membranes.

Keywords: Black Holes in String Theory, D-branes, Black Holes.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep112005040 /jhep112005040 .pdf

Contents

1. Introduction 1

2. Dynamical and thermodynamic instabilities 2

3. Thermodynamics of D-brane bound states 4 3.1 The Dp-D(p − 2) case 5 3.2 The Dp-F1 case 6 3.3 The Dp-D(p − 4) case 7

4. Application to NCOS theory and OM theory 9 4.1 NCOS instabilities 9 4.2 OM theory instabilities 11

5. Conclusions 12

A. First law form of the action 13

1. Introduction

The Gregory-Laflamme (GL) instability [1, 2] is expected to arise on extended black hole horizons when there is a non-uniform state with the same mass and charges but greater entropy. A precise version of this expectation is the Correlated Stability Conjecture (CSC) [3, 4], which says that a GL instability should arise when the matrix of second derivatives of the mass with respect to entropy and conserved charges fails to be positive definite. There is a partial proof of the CSC [5], and no fully demonstrated counterexamples have appeared to our knowledge.

In a recent work [6] — to which we refer the reader for a more complete list of references — it was shown that the CSC holds in the case of the D2-D0 bound state. For that system, there is a stability curve in the space of solutions: for a given number of D2-branes and number density of D0-branes, there is a certain non-extremal mass (i.e., temperature) above which the GL instability occurs and below which it does not. This stability curve comes arbitrarily close to extremal solutions as one increases the number density of D0- branes. The infinite density limit describes a non-commutative field theory, so one learns from the GL instability that there is a subtlety in the NCFT limit: the unstable mode corresponds to developing non-uniform non-commutativity, and it was suggested that this unstable mode runs away to long wavelength in the NCFT limit so as to avoid conflict with standard decoupling arguments.

– 1 –

In section 3 we generalize the thermodynamic analysis of [6] for other D-brane bound states in type II string theory and M-theory. We do not repeat the numerical analysis of [6] for these cases; instead, in section 2, we revisit the analytical arguments of [5] for the validity of the CSC. These arguments (at least, as presented here) are not completely airtight, but they strongly suggest that the CSC is valid for the cases we consider. In section 4 we discuss applications to NCOS theory [7 – 9] and OM theory [10].

While this paper was in preparation, we received [11], which overlaps with the present work.

2. Dynamical and thermodynamic instabilities

In [5], an argument was offered in support of the CSC when the entropy is the only locally dynamic quantity. Here we will give some indications on how to extend that argument to the general case, where both charges and angular momenta can be locally manipulated. We emphasize that the arguments presented here are more of an outline than a proof, with attention drawn to the gaps in the reasoning. The CSC has proven remarkably robust, but should a counter-example arise, it will be interesting to see where the line of argument presented here fails.

A central object is the euclidean action reduced along the direction of the instability. Let us call this action I; let us parametrize the direction of the instability by the coordinate y; and let x^μ be the other coordinates, so that I is an integral over the x^μ . It is simplest to consider the case where y is the only spatial direction along which the horizon is extended, so that is the case we will focus on here. Including more directions of spatial extent is not a significant obstacle.

The first step is to identify the Hessian matrix of I with the Hessian matrix of susceptibilities, up to some change of basis and an overall positive factor, so that the signs of all eigenvalues (as well as their ratios) are preserved. Let the n quantities B_i be intensive thermodynamic variables: B_0 is the temperature T = 1/β, and the other B_i are gauge potentials μ at the horizon and angular velocities Ω at the horizon. Let A_i be the thermodynamic conjugate variables that enter into the first law:

dE = � i B_idA_i . (2.1)

So A_0 = S, the entropy, and the other A_i are charges and angular momenta. The energy E and the A_i with i > 0 are conserved quantities, determined by Smarr type integrals at infinity. It is a fairly generic circumstance that there exists an n-parameter family of configurations, labeled by parameters a_i, such that

I = βE(a_i) − S(a_i) − � j>0 βB_jA_j (a_i) . (2.2)

The on-shell configuration yielding a uniform brane corresponds, by convention, to a_i = 0. The quantities E(a_i), S(a_i), or A_j (a_i) for arbitrary a_i are defined by the same integrals as for on-shell configurations, as is the action I. A further discussion of why we expect

– 2 – there to be an n-parameter family of configurations with the properties described is given in the appendix. But the discussion is incomplete, and this point is one of the aforementioned gaps in the reasoning.

The action must be stationary at a_i = 0 with respect to variations of a_i. This leads to ∂I ∂a_i = β ∂E ∂a_i − ∂S ∂a_i − � j>0 B_j

∂A_j ∂a_i = 0 ∂E ∂a_i = � j B_j

∂A_j ∂a_i

. (2.3)

The second line follows from the first, and it is clearly an instance of the first law (2.1). Imposing this equation for all values of a_i leads to definite expressions for B_j in terms of the a_i. Differentiating then leads to

∂^2E ∂a_i∂a_k = � j � ∂B_j ∂a_k

∂A_j ∂a_i

+ B_j

∂^2A_j ∂a_i∂a_k � . (2.4)

On the other hand, differentiating the first line in (2.3) gives

∂^2I ∂a_i∂a_k = β ∂^2E ∂a_i∂a_k − β � j B_j

∂^2A_j ∂a_i∂a_k = β � j ∂B_j ∂a_k

∂A_j ∂a_i = β � j,ℓ ∂A_ℓ ∂a_k

∂B_j ∂A_ℓ

∂A_j ∂a_i = β � j,ℓ ∂A_ℓ ∂a_k

∂^2E ∂A_ℓ∂A_j

∂A_j ∂a_i

(2.5)

where in the final step we once again go to on-shell configurations and use B_j = ∂E/∂A_j . Comparing the first and last forms in (2.5), we see that (provided ∂A_j /∂a_i is non-singular at a_i = 0) the Hessian matrix of I with respect to a specific set of perturbations is equal, up to a positive factor and a change of basis, to the Hessian matrix of susceptibilities.

The second step is to consider normalizable on-shell perturbations of the extended horizon. Let us collectively denote the field perturbations as Ψ^I : these fields include the metric perturbation h_{MN} as well as perturbations in the matter fields. The ansatz for a static GL perturbation (still in euclidean signature) is Ψ^I (x, y) = Re(ψ^I (x)e^{iky}). Then, assuming a two-derivative action, the linearized equations of motion take the form � d^dx^′ δ^2I δψ^I (x)δψ^J (x^′) ψ^J (x^′) = −k^2G_{IJ} ψ^J (2.6)

for some metric G_{IJ} . Define the L^2-like norm ||ψ||^2 = � d^dx ψ^I G_{IJ} ψ^J . Unfortunately, this norm is not positive definite: in pure gravity, a conformal metric perturbation has ψ^I G_{IJ} ψ^J < 0 everywhere. If one demonstrates the existence of a perturbation with a positive norm and positive k^2, then a GL instability should exist. The reasoning is that by taking k^2 slightly smaller than the value that gives a static perturbation, and assigning instead some time-dependence e^{±iωt E} , one will obtain a mode which grows exponentially in minkowskian time.

– 3 –

In [5], the on-shell modes of interest were demonstrated through a constraint equation to have ψ^I G_{IJ} ψ^J > 0 everywhere. The demonstration is somewhat detailed, and generalizing it rigorously to the cases of interest is another significant gap in the reasoning. Assuming that the on-shell perturbations ψ^I are indeed restricted to the positive-norm sector, one sees from (2.6) that directions of quadratically decreasing I are associated with a GL instability:

I − I_0 = 1 2 � d^dx d^dx^′ ψ^I (x) δ^2I δψ^I (x)δψ^J (x^′) ψ^J (x^′) + O(ψ^3) = − k^2 2 ||ψ||^2 + O(ψ^3) (2.7)

where I_0 is the action of the original on-shell configuration.

The final step is to argue that there is a direction in which I decreases quadratically with perturbation fields ψ^I of positive, finite norm precisely when ∂^2I/∂a_i∂a_j fails to be positive definite. This is a plausible but non-trivial claim: the ψ^I perturbations appropriate to a GL instability have not been shown to overlap sufficiently with the perturbations generated by making the a_i slightly different from the A_i of the original on-shell configuration. This is a third gap in the reasoning.

In summary, the core arguments of [5] generalize to a plausible line of reasoning for why the CSC is true. The first and third gaps in the reasoning identified above basically come down to establishing, at least to second order in the a_i, the existence of an n-parameter family of off-shell configurations whose action can nevertheless be written in a first law form, as in (2.2), and which differ from the original on-shell configuration by perturbations which have finite positive norm. The second gap in the reasoning is to show that the on-shell perturbations for a static mode of finite wavelength have positive norm (avoiding the conformal factor problem).

The loopholes we have pointed out suggest that perhaps a counter-example to the CSC might be found by setting up a lagrangian with special properties. But the numerics in [6] seem to us good preliminary evidence that the CSC does hold for type-II supergravity. In the remainder of the paper, we will apply it to some interesting cases.

3. Thermodynamics of D-brane bound states

The aim of this section is to explore the bound states in type-II string theories and elevendimensional supergravity that involve only two types of BPS branes. We restrict attention to the cases where the worldvolumes of the lower-dimensional branes are entirely contained in the worldvolume of the higher-dimensional branes. These cases are:

• Dp-D(p − 2), explored in section 3.1.

• Dp-F1, explored in section 3.2.

• Dp-D(p − 4), explored in section 3.3.

• M5-M2, which is equivalent for our purposes to D4-F1.

– 4 –

One could also investigate branes intersecting at angles: for instance, one stack of D2- branes extended over the 12 directions and smeared over the 34 directions, intersecting another stack extended over 34 and smeared over 12. T-dual relationships, like the relation of the intersecting D2-branes with D4-D0, or the relation of D2-D0 to D3-D1, do not imply identical GL instabilities. The reason is that the GL instability is an infrared effect, so if one compactifies along the direction of the instability in preparation for taking a T-duality, the instability may be lost. The interplay of T-duality and the GL instability has recently been understood in some detail for the simple case of smeared D0-branes in [12 – 14].

3.1 The Dp-D(p − 2) case The thermodynamic quantities of the Dp-D(p−2) bound state with zero angular momentum are given by [15] M = V_pΩ_{8−p} 16πG_N r^{7−p}_0 (8 − p + (7 − p) sinh^2 α) T = 7 − p 4πr_0 cosh α S = V_pΩ_{8−p} 4G_N r^{8−p}_0 cosh α

μ_p = μ cos θ Q_p = Q cos θ μ_{p−2} = μ sin θ Q_{p−2} = Q sin θ

μ = tanh α Q =

(7 − p)V_pΩ_{8−p} 16πG_N r^{7−p}_0 sinh α cosh α , (3.1)

where Ω_{8−p} is the volume of a unit S^{8−p} . Here it is assumed that the D(p − 2) brane is embedded in the Dp-brane and smeared along its two transverse directions.

Calculating the boundary of thermodynamic stability is fairly straightforward. Our system will be locally thermodynamically unstable if the Hessian of M with respect to any spatially varying quantities has a negative eigenvalue. In this case, we take the Dp-branes to form a static background on which the D(p−2)’s can move. Hence we want to determine the first and second derivatives of M with respect to Q_{p−2} and S, holding Q_p fixed.

In (3.1), M is not expressed as a function of S, Q_p, and Q_{p−2} ; instead, these four quantities are expressed in terms of r_0, α, and θ. It is useful to recall a fact from multivariable calculus: if there is a smooth, invertible relationship between n variables Q_i and n other variables q_i, and M is known as a smooth function of the q_i, then � ∂M ∂Q_i � Q_j = ∂(Q_1, . . . , Q̂_i, M, . . . , Q_n)/∂(q_1, . . . , q_n) ∂(Q_1, . . . , Q_n)/∂(q_1, . . . , q_n)

, (3.2)

where the denominator is the jacobian, det(∂Q_i/∂q_j), and the hat notation in the numerator is meant to indicate replacing Q_i with M. Furthermore, the thermodynamic dual quantities T , μ_p, and μ_{p−2} should be precisely the first derivatives of M with respect to S, Q_p, and Q_{p−2} because of the first law of thermodynamics:

dE = T dS + μ_pdQ_p + μ_{p−2} dQ_{p−2} . (3.3)

This can be verified explicitly using (3.1). Hence, the Hessian may be expressed as H = ∂(T, μ_{p−2} )/∂(S, Q_{p−2} ), and the right hand side may be evaluated by use of (3.2). We find

det H =

16G^2_N sech^4 α Ω^2_{8−p} r^{16−2p}_0 V^2_p � (9 − p) cosh^2 α − 1 � � (5 − p) sinh^2 α cos^2 θ − 1 � . (3.4)

– 5 –

One can show that this expression reduces to the D2-D0 case studied in [6]. Subsequently, the condition for thermodynamic stability is

csch α < � 5 − p cos θ . (3.5)

As a check on this result, we note that at extremality (α → ∞) the left hand side vanishes, and the system is stable as expected.

This stability condition can be recast in terms of the potentials μ_p and μ_{p−2} appearing in (3.1) as μ^2_{p−2} + (6 − p)μ^2_p = 1 . (3.6)

Using string dualities, we can also immediately recover results for three other cases of interest. The D3-D1 bound state is related by S-duality to the D3-F1 bound state, and hence the boundary of stability is the same. Furthermore, since the D4-D2 bound state is a simple compactification of the M5-M2 state, the above stability conditions are valid for M5-M2 for p = 4 (see also [16] for an explicit study of the non-extremal M5-M2 bound state and its relation to OM theory). Furthermore, since we can instead choose to compactify M-theory on a longitudinal direction of both the M5 and M2 branes, the p = 4 case must also be the result for the D4-F1 bound state.

We emphasize again that T-duality acts non-trivially on the CSC rules: indeed, the D3-D1 and D2-D0 cases are related by T-duality, but their stability conditions are different.

3.2 The Dp-F1 case

The extremal supergravity background of the Dp-F1 bound state was given in [17]. The non-extremal generalization [18] is

ds^2_{str} = � H D �_{1/2} � H^{−1} � −fdt^2 + dx^2_1 � + � H D �_{−1} �

dx^2 + · · · + dx^2_p � + f^{−1} dr^2 + r^2dΩ^2_{8−p} �

e^ϕ = e^{ϕ 0} H^{(3−p)/4} D^{(p−5)/4} B_2 = sin θ coth α � 1 − H^{−1} � dt ∧ dx_1 (3.7)

where

H(r) = 1 + r^{7−p}_0 sinh^2 α r^{7−p}

D(r) = 1 H^{−1} sin^2 θ + cos^2 θ f(r) = 1 − r^{7−p}_0 r^{7−p}

. (3.8)

The remaining non-zero forms for the D2-F1 case are

A_1 = e^{−ϕ 0} tan θ � 1 − D H � dx_2

A_3 = e^{−ϕ 0} cos θ coth α � 1 − H^{−1} � dt ∧ dx_1 ∧ dx_2 , (3.9)

and for the D5-F1 case

A_4 = −e^{−ϕ 0} tan θ � 1 − D H � dx_2 ∧ dx_3 ∧ dx_4 ∧ dx_5

– 6 –

F_3 = 2e^{−ϕ 0} r^2_0 cos θ cosh α sinh α dΩ_3 . (3.10)

Despite the differences in the solutions for Dp-D(p−2) and Dp-F1, the thermodynamics in the parameter space of (r_0, α, θ) are actually identical up to factors of the string coupling, which does not affect the stability properties. Hence we find precisely the same stability conditions as in the Dp-D(p − 2) case (3.5). However, for g_{str} ≠ 1, the relationship between (α, θ) and the number densities of D-branes differs from that of the F-strings. We will comment on this further in section 4.1.

3.3 The Dp-D(p − 4) case So far, all cases have involved non-extremal generalizations of BPS bound states whose mass follows a Pythagorean relationship: for example, M = � (N_2V_2τ_2)^2 + (N_0τ_0)^2 for the D2- D0 bound state. Intuitively, what tends to prevent a GL instability for this system is that the mass is a convex function of the D0-brane charge density. This convexity becomes extremely weak in the limit where the D0-branes make the dominant contribution to the mass, so we are unsurprised to see the boundary of stability approach extremality in this limit.

It is also interesting to consider cases where the BPS bound state is at threshold. For example, M = N_4V_4τ_4 +N_0τ_0 for the D4-D0 system, and a similar relation holds for D5-D1 and D6-D2. The intuitive reasoning outlined above would lead us to expect that there is a GL instability for any amount of non-extremality. We will see that this is the right answer for D6-D2 and D5-D1, but it is wrong for D4-D0.

The supergravity background solutions were given in [19] for the D5-D1 and D6-D2 systems. Both of these cases, as well as the D4-D0 solution, can be compactly written as

ds^2_{str} = (f_pf_{p−4} )^{−1/2} � −fdt^2 + f_{p−4} � dx^2_1 + · · · + dx^2_4 � + p� i=5 dx^2_i � + + (f_pf_{p−4} )^{1/2} � f^{−1} dr^2 + r^2dΩ^2_{8−p} � e^ϕ = e^{ϕ 0} f^{(3−p)/4}_p f^{(7−p)/4}_{p−4}

f(r) = 1 − r^{7−p}_0 r^{7−p} f_p(r) = 1 + r^{7−p}_0 sinh^2 α_p r^{7−p} f_{p−4} (r) = 1 + r^{7−p}_0 sinh^2 α_{p−4} r^{7−p} Q_p =

(7 − p)V_pΩ_{8−p} 32πG_N r^{7−p}_0 sinh 2α_p Q_{p−4} =

(7 − p)V_pΩ_{8−p} 32πG_N r^{7−p}_0 sinh 2α_{p−4} .(3.11)

As before, there is a three-parameter family of solutions, which in this case is parameterized by (r_0, α_p, α_{p−4} ). To compare with the Dp-D(p − 2) system, it will be convenient to define α and θ according to cos θ sinh 2α = sinh 2α_p and sin θ sinh 2α = sinh 2α_{p−4} : then tan θ = Q_{p−4} /Q_p, and Q = � Q^2_{p−4} + Q^2_p ∝ r^{7−p}_0 sinh 2α, as in (3.1). The expressions for the remaining thermodynamic variables are: M = V_pΩ_{8−p} 16πG_N r^{7−p}_0 2 (2 + (7 − p)(cosh 2α_p + cosh 2α_{p−4} )) T = 7 − p 4πr_0 cosh α_p cosh α_{p−4} S = V_pΩ_{8−p} 4G_N r^{8−p}_0 cosh α_p cosh α_{p−4}

μ_p = tanh α_p μ_{p−4} = tanh α_{p−4} . (3.12)

– 7 –

Figure 1: The stability curves for various D-brane bound states are shown as solid curves. The horizontal axis is the mass fraction coming from the branes of larger dimension. The vertical axis is the mass fraction coming from the branes of smaller dimension. In each case, the stable region is to the right of the solid curve. The dashed curves correspond to extremal brane configurations. The NCOS and OM theory limits are near the upper left corner.

The resulting Hessian determinant is given by

det H =

8G^2_N Ω^2_{8−p} V^2_p r^{2(p−8)}

0 sech^2 α_p sech^4 α_{p−4} (p − 7 − (p − 5) cosh 2α_p) cosh 2α_{p−4} (7 − p + 2 cosh 2α_p) + (7 − p) cosh 2α_p

. (3.13)

Everything but the last factor in the numerator is positive definite. For p = 6, the last factor is −(1 + cosh 2α_p), and the system is unstable all the way up to extremality, where det H = 0. For p = 5, the last factor is simply −2, and we find a result similar to p = 6. For p = 4, however, the bound state is unstable when

cosh 2α_4 < 3 . (3.14)

Consequently, if no D4 branes are present, then the D0 branes will clump as expected, but if the D4-branes make a sufficiently dominant contribution to the total mass, the bound state is stable.

One may straightforwardly convert the inequalities (3.5) and (3.14) to relations between Q_p/M and one of the quantities Q_{p−2} /M, Q_{p−4} /M, and Q_{F 1}/M, as appropriate. The resulting stability curves are shown in figure 1. The stability curve for the D4-D0 bound state, for example, comes from setting cosh 2α_4 = 3, so the curve may be expressed parametrically in terms of α_0: Q_4 M = 3 √ 8 11 + 3 cosh 2α_0

Q_0 M = 3 sinh 2α_0 11 + 3 cosh 2α_0

. (3.15)

– 8 –

4. Application to NCOS theory and OM theory

As an example of the utility of the CSC, we now consider its implications for theories of D-brane bound states. Of particular interest is NCOS [7 – 9] theory, which consists fundamental strings on a stack of Dp branes in a limit where the open strings decouple from gravity. OM theory [10, 20] is essentially the 11-dimensional lift of the D4-F1 NCOS system.

4.1 NCOS instabilities

The NCOS limit is one in which the electric field living on a stack of D-branes approaches a critical value, at which the effective string tension — defined as the energy per unit length needed to free a string from the bound state — goes to zero relative to the actual string tension: α^′ α^′_{eff} = E^2_c − E^2

E^2_c

→ 0 . (4.1)

The open string coupling is defined by a similar scaling:

G^2_0 = g_{str} � E^2_c − E^2 E^2_c

. (4.2)

In the NCOS limit, g_{str} → ∞ with G_0 fixed. For small G_0, NCOS exhibits Hagedorn behavior with temperature [21]: T_H = 1 � 8π^2α^′_{eff}

. (4.3)

Finally, there is a relationship between the open string coupling, the number of F-strings per unit transverse volume, and the number of Dp-branes, N_p [21]:

N_F V_t

= N_p 1 (2π √ α^′)^{p−1} 1 G^2_0

. (4.4)

We will choose units with α^′ = 1. Note that in the extremal limit, the BPS mass formula becomes M = � (N_pV τ_p)^2 + (N_F Lτ_f )^2 = � N^2_p g^{−2}_{str} + N^2_F , (4.5)

where in the last equality we have chosen V = (2π)^p and L = 2π. The open string coupling also simplifies with this choice, giving G^2_0 = N_p/N_F .

The supergravity background for NCOS is simply the solution described in the Dp- F1 section above. However, the parameters (r_0, α, and θ) implicitly depend on g_{str}. In particular, in order for the supergravity mass (3.1) to match the BPS expression (4.5), we require:^1 (7 − p)Ω_{8−p} (2π)^{7−p} r^{7−p}_0 cosh α sinh α = g_{str} � N^2_p + N^2_F g^2_{str} . (4.6)

1If instead this were the Dp-D(p − 2) bound state, the correct expression would be

(7−p)Ω 8−p

(2π) 7−p r 7−p 0 cosh α sinh α = g str q N^2_p + N^2_{p−2} since there is no relative factor of the string coupling in the respective tensions.

– 9 – where we have chosen our conventions such that ds^2_E = e^{(ϕ 0−ϕ)/2} ds^2_{str} and 16πG_N = (2π)^7α^{′4}g^2_{str}. In terms of the number of D-branes and strings, θ can be written as:

sin θ =

N_F g_{str} � N^2_p + N^2_F g^2_{str}

. (4.7)

This relation implies

tan θ = g_{str}

N_F N_p = � E^2_c E^2_c − E^2

≡ η , (4.8)

where we have used (4.2) and (4.4).

From the stability curve plots, we see that we move toward the stable region as we approach extremality, i.e., T = 0. For fixed N_p and N_F , we can therefore find a critical temperature above which the system is unstable. We will replace r_0 in favor of N_p. As usual, θ determines the ratio of the Dp and F1 contributions, and we will let α control the temperature. We therefore have a critical value of α — defined by √ 5 − p sinh α_c cos θ = 1 — below which the system is unstable. Since we know that tan θ = η, we can write the critical temperature in terms of α_c as

cosh α_c = � 1 + 1 + η^2 5 − p ≈ η √ 5 − p

, (4.9)

where the approximate equality becomes exact in the limit of large η.

We can now put all the pieces together to find the critical temperature in the NCOS limit in terms of N_p, the open string coupling G_0, and the scaling parameter η:

T_c =

7 − p 4πr_0 cosh α_c = 7 − p 4π 1 cosh α_c � (7 − p)Ω_{8−p} cos θ cosh α_c sinh α_c g_{str}N_p(2π)^{7−p}

�_{1/(7−p)}

= 7 − p 4π 1 cosh α_c � (7 − p)Ω_{8−p} cosh α_c g_{str}N_p(2π)^{7−p} √ 5 − p

�_{1/(7−p)}

= 7 − p 4π � (7 − p)Ω_{8−p} N_p(2π)^{7−p} √ 5 − p

�_{1/(7−p)} 1 cosh α_c � cosh α_c

g_{str}

�_{1/(7−p)}

= 7 − p 4π � (7 − p)Ω_{8−p} N_p(2π)^{7−p} √ 5 − p

�_{1/(7−p)} � 5 − p � 1 G^2_0 √ 5 − p

�_{1/(7−p)}

η^{−1} . (4.10)

This quantity should be compared to the Hagedorn temperature, which is T_H = 1/ � 8π^2η^2:

T_c/T_H =

7 − p √ 8π^2 � (7 − p)Ω_{8−p} (5 − p)N_p

�_{1/(7−p)} � 5 − p � 1 G^2_0

�_{1/(7−p)} . (4.11)

The main qualitative point of interest is that the η dependence cancels out entirely. In the NCOS limit, depending on the choice of parameters, one can have a GL transition above or below the Hagedorn transition. But for p = 5 and any amount of non-extremality, there

– 10 – is always a GL instability, as long as we trust supergravity and the CSC.^2 For p < 5, the numerical factor in (4.11) is O(1), so

T_c/T_H ≃ (N_pG^2_0)^{1/(p−7)} . (4.12)

Hence, if the open string coupling is small (which is required for a Hagedorn-like analysis anyway), T_c ≫ T_H in general, unless one is considering a very large number of Dp-branes.

By way of comparison, consider the D3-F1 bound state in the limit N_3 → ∞, g_{str} → 0 with λ ≡ g_{str}N_3 fixed, and N_F fixed as well. This is wholly different from the 3+1- dimensional NCOS limit because now the D3-branes dominate the mass of the extremal bound state. Referring to figure 1, we see that a GL instability occurs when M ≳ 2Q_3. The temperature at the point of marginal stability can be computed as

T_c = 1 3^{3/8}π(2πλ)^{1/4} + O � 1 N^4_3 � ≃ 1 7.5λ^{1/4}

(4.13)

in units where α^′ = 1. When there are no F1’s, this is the maximum possible temperature of a uniform D3-brane. It’s interesting that this can be greater or less than the Hagedorn temperature of type-IIB strings, according to the value of λ.

4.2 OM theory instabilities

OM theory [10] consists of a stack of N M5-branes housing a large number of M2-branes. The thermodynamics of this system is described using (3.1) by taking p = 4. If we choose a background 3-form field strength of the form

H_{012} = M^3_p tanh β , (4.14)

with β some parameter, then the fluctuating open membranes decouple from gravity in the “OM theory limit” β → ∞, since the proper energy scale for the fluctuating M2’s goes like

M^3_{eff} = 2M^3_p e^{−2β} . (4.15)

We will choose M_p = 1. For some choices of r_0, α, and θ, (3.5) gives some critical temperature, above which the system of D-branes becomes unstable. We therefore need to express the parameters of OM theory in terms of our standard supergravity parameters.

The M5 action contains a term [22]:

S ⊃ μ_5 � C_3 ∧ (H_3 + C_3) . (4.16)

The analogous term of the M2 action is:

S ⊃ μ_2 � C_3 . (4.17)

2As in [6], there is a possibility that the wavelength of the GL instability approaches infinity in the limit that defines NCOS theory (that is, η → ∞).

– 11 –

Now assume that the M2 branes are extended in the 012 directions, and the M5 branes are extended in the 012345 directions. Then C_3 can be gauged away in the 345 directions, and hence the second term in (4.16) vanishes. Comparing (4.16) and (4.17) we find μ_2 = H_{345}μ_5, and using the result from [10], we arrive at:

μ_2 = μ_5 sinh β =⇒ sinh β = tan θ . (4.18)

As a consistency check, we note that the respective parameter ranges are β ∈ [0, ∞) and θ ∈ [0, π/2]. Furthermore, this expression fits with our expectation that the OM theory limit should consist of a large number of M2-branes.

The condition for thermodynamic criticality for the M5-M2 case is cos θ sinh α_c = 1. Furthermore, [15] tells us that N ≡ r^3_0 π cosh α sinh α cos θ = r^3_0 cosh α_c π , (4.19)

where the first relation holds generally, and the second holds only at criticality. The critical temperature is therefore given by:

T^3_c = � 3 4πr_0 cosh α_c

�_3 = � 3 4π �_3 1 πN (cosh α_c)^{−2} = � 3 4π �_3 1 πN 1 1 + cosh^2 β

. (4.20)

We now want to compare this expression with the characteristic energy scale of OM theory (4.15) in the large β limit:

lim_{β→∞}

T_c M_{eff} = 3 4π � 2 πN �_{1/3} ≃ 1 5N^{1/3}

(4.21)

As expected from the duality to NCOS theory, we find a non-zero critical temperature in OM theory. In contrast to the general NCOS result, this critical temperature is always less than the characteristic energy scale M_{eff} , and in fact can be much less than this scale for a large number of coincident M5 branes. We could have instead arrived an identical result by taking p = 4 in (4.10) along with the following relation between the OM and NCOS parameters [10]: M_{eff} � α^′_{eff} 2^{1/3} = 1 G^{2/3}_0

. (4.22)

5. Conclusions

Our main results, namely the stability curves predicted by the CSC for the D2-F1, D3- F1, D4-F1, and D4-D0 bound states, are shown in figure 1. Stability curves for some other bound states, such as D2-D0, D3-D1, D4-D2, and M5-M2, are related to one of the above cases. It is notable that configurations related by T-duality have different stability curves, roughly because the process of compactifying and smearing changes the nature of the instabilities.

– 12 –

Given the significant loopholes in our extension of the arguments of [5] to the charged case, one may question the application of the CSC to the various bound states that we have analyzed. Briefly, our stance is that the detailed numerical checks for the D2-D0 case in [6] make it seem very likely that the loopholes can be closed, or that string theory for some reason does not take advantage of them. We nevertheless suspect that counter-examples may exist to the CSC for certain specially arranged interactions. We hope to report further on these issues in the future.

The upper left corner of figure 1 corresponds to NCFT, NCOS, or OM theory limits, which are interesting because they are believed to represent non-gravitational limits of string / M-theory which are not described by ordinary quantum field theories. As is apparent from the figure, the GL instability tends to persist in these limits, at least as predicted by the thermodynamic properties of the bound states. In NCOS theory, the critical temperature for a GL instability is a finite multiple of the Hagedorn transition temperature, indicating that there is an interesting competition between the tendency of strings to bunch up transversely on the branes (the GL effect) versus boiling off the branes (the Hagedorn effect). As in the NCFT case, however, it is possible that the wavelength of the GL effect becomes large as one approaches the decoupling limit. For OM theory the critical temperature is suppressed relative to the characteristic scale of open membranes by a power of the number of M5-branes, and similar speculations about wavelengths might be made. The only way to check them at present is a rather difficult sort of numerics — difficult because the modes in question have slow decay at infinity, making it hard to isolate them in a shooting algorithm from uniform perturbations of the branes.

Acknowledgments

We thank I. Mitra for useful discussions. J.F. also thanks the University of Wisconsin- Madison physics department for their hospitality while this work was in progress. This work was supported in part by the Department of Energy under Grant No. DE-FG02- 91ER40671, and by the Sloan Foundation. The work of J.F. was also supported in part by the NSF Graduate Research Fellowship Program.

A. First law form of the action

For pure gravity, the existence of configurations with the properties described in and around (2.2) was demonstrated in [5, 23, 24]. In this case, for static configurations with the same symmetries as the uniform, on-shell, uncharged black brane, the equality (2.2) can be demonstrated using only the hamiltonian constraint G_{tt} = 0 together with boundary conditions at the horizon and at asymptotic infinity. To be more precise: the action is

I_G = 1 16πG � M d^Dx √ g R + 1 8πG � ∂M d^{D−1} x √ γ (Θ − Θ_0) , (A.1)

– 13 – where √ γd^{D−1} x is the induced volume form on ∂M and Θ = g^{μν} Θ_{μν} is the trace of the extrinsic curvature tensor, Θ_{μν} = (δ^λ_μ − n_μ n^λ )∇_λ n_ν , (A.2)

where n_μ is the outward pointing unit normal on ∂M. The static ansatz is

ds^2 = −e^{2A}dt^2 + e^{2B} dx^2 + e^{2C} dr^2 + e^{2D}dΩ^2_{D−3} (A.3)

where the functions A, B, C, and D depend only on r.^3 Assume that (A.3) satisfies G_{tt} = 0. Then the action (A.1) can be expressed purely in terms of an integral over the boundary ∂M, and, after rotation to euclidean signature with periodic time, this integral expression reduces precisely to I = βE − S. In the nomenclature of [24], this is the reduced action.

It should be possible to incorporate locally conserved charges: some considerations in this direction can be found in [25, 26]. The reasoning is as follows. Let a black string carry electric charge under a gauge field C_{(1)} = C_μ dx^μ (higher-dimensional cases follow a similar pattern of reasnoning), whose action is

I_C = − 1 4 � d^Dx √ g F^2_{μν} . (A.4)

The metric ansatz is as in (A.3), and in addition one assumes that the only non-zero components of the gauge field are C_t(r) and C_r(r). The hamiltonian constraints are now G_{tt} = 8πGT_{tt} and ∇_iE^i = 0, where E^i is the momentum conjugate to C_i, so that E^i = F^{0i} on-shell — but this last equation is not part of the hamiltonian constraints. Evaluating I = I_G +I_C on the ansatz described, subject to the hamiltonian constraints, and performing a rotation to euclidean signature with periodic time, leads again to (2.2), where now B_1 = μ = C_t(r_H ) − C_t(∞) is the gauge potential at the horizon and A_1 is the electric charge Q = � S^{D−2}

d^{D−2} x √ h n_iE^i , (A.5)

where √ hd^{D−2} x is the volume form induced on S^{D−2} and n_i is the outward-pointing unit normal (normal also to the time direction). By virtue of the Gauss law constraint, the S^{D−2} can be any sphere that entirely encloses the horizon.

Evidently, in these examples, there is more than a finite-dimensional space of deformations of the on-shell solution satisfying (2.2): A(r) remains an arbitrary function, as does C_t(r). We do not have a general proof that this will always be so, nor have we shown that ∂A_j /∂a_i is non-singular for some appropriately chosen n-parameter family of deformations — though this last property can usually be achieved by having a_i = A_i. We hope however that the considerations presented here make more plausible the claims made around (2.2). The bottom line is that this integrated form of the first law only employs symmetries, certain boundary conditions, and the small subset of the equations of motion comprising the constraints in a hamiltonian framework — so it is sensible to think that there is a fairly broad class of “partially on-shell” configurations (i.e. configurations satisfying the constraints) to which it applies.

3Actually, it is sometimes possible to prove (2.2) even when A has both r and t dependence [24].

– 14 –

References

[1] R. Gregory and R. Laflamme, Black strings and p-branes are unstable, Phys. Rev. Lett. 70 (1993) 2837 [hep-th/9301052].

[2] R. Gregory and R. Laflamme, The instability of charged black strings and p-branes, Nucl.

Phys. B 428 (1994) 399 [hep-th/9404071].

[3] S.S. Gubser and I. Mitra, Instability of charged black holes in anti-de Sitter space,

hep-th/0009126.

[4] S.S. Gubser and I. Mitra, The evolution of unstable black holes in anti-de Sitter space, JHEP 08 (2001) 018 [hep-th/0011127].

[5] H.S. Reall, Classical and thermodynamic stability of black branes, Phys. Rev. D 64 (2001) 044005 [hep-th/0104071].

[6] S.S. Gubser, The Gregory-Laflamme instability for the D2-D0 bound state, JHEP 02 (2005) 040 [hep-th/0411257].

[7] S. Gukov, I.R. Klebanov and A.M. Polyakov, Dynamics of (n,1) strings, Phys. Lett. B 423 (1998) 64 [hep-th/9711112].

[8] N. Seiberg, L. Susskind and N. Toumbas, Strings in background electric field, space/time noncommutativity and a new noncritical string theory, JHEP 06 (2000) 021 [hep-th/0005040].

[9] R. Gopakumar, J.M. Maldacena, S. Minwalla and A. Strominger, S-duality and noncommutative gauge theory, JHEP 06 (2000) 036 [hep-th/0005048].

[10] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, OM theory in diverse dimensions, JHEP 08 (2000) 008 [hep-th/0006062].

[11] S.F. Ross and T. Wiseman, Smeared D0 charge and the Gubser-Mitra conjecture, Class. and Quant. Grav. 22 (2005) 2933 [hep-th/0503152].

[12] P. Bostock and S.F. Ross, Smeared branes and the Gubser-Mitra conjecture, Phys. Rev. D 70 (2004) 064014 [hep-th/0405026].

[13] O. Aharony, J. Marsano, S. Minwalla and T. Wiseman, Black hole - black string phase transitions in thermal 1+1 dimensional supersymmetric Yang-Mills theory on a circle, Class. and Quant. Grav. 21 (2004) 5169 [hep-th/0406210].

[14] T. Harmark and N.A. Obers, New phases of near-extremal branes on a circle, JHEP 09 (2004) 022 [hep-th/0407094].

[15] T. Harmark and N.A. Obers, Phase structure of non-commutative field theories and spinning brane bound states, JHEP 03 (2000) 024 [hep-th/9911169].

[16] T. Harmark, Open branes in space-time non-commutative little string theory, Nucl. Phys. B 593 (2001) 76 [hep-th/0007147].

[17] J.X. Lu and S. Roy, Non-threshold (f,Dp) bound states, Nucl. Phys. B 560 (1999) 181 [hep-th/9904129].

[18] T. Harmark, Supergravity and space-time non-commutative open string theory, JHEP 07 (2000) 043 [hep-th/0006023].

[19] A.W. Peet, TASI lectures on black holes in string theory, hep-th/0008241.

– 15 –

[20] E. Bergshoeff, D.S. Berman, J.P. van der Schaar and P. Sundell, Critical fields on the M5-brane and noncommutative open strings, Phys. Lett. B 492 (2000) 193 [hep-th/0006112].

[21] S.S. Gubser, S. Gukov, I.R. Klebanov, M. Rangamani and E. Witten, The Hagedorn transition in non-commutative open string theory, J. Math. Phys. 42 (2001) 2749 [hep-th/0009140].

[22] I.A. Bandos et al., Covariant action for the super-five-brane of M-theory, Phys. Rev. Lett. 78 (1997) 4332 [hep-th/9701149].

[23] T. Prestidge, Dynamic and thermodynamic stability and negative modes in Schwarzschild-anti-de Sitter, Phys. Rev. D 61 (2000) 084002 [hep-th/9907163].

[24] B.F. Whiting and J. York, James W., Action principle and partition function for the gravitational field in black hole topologies, Phys. Rev. Lett. 61 (1988) 1336.

[25] S.W. Hawking and G.T. Horowitz, The gravitational hamiltonian, action, entropy and surface terms, Class. and Quant. Grav. 13 (1996) 1487 [gr-qc/9501014].

[26] S.W. Hawking and S.F. Ross, Duality between electric and magnetic black holes, Phys. Rev.

D 52 (1995) 5865 [hep-th/9504019].

– 16 –